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Three explicit approximate expressions for the effective conductivity Ue of vari- 
ous planar isotropic two-phase systems in a magnetic field are obtained using the 
dual linear fractional transformation, connecting ije of these systems with and 
without magnetic field. The obtained results are applicable for two-phase sys- 
tems (regular and nonregular as well as random), satisfying the symmetry and 
self-duality conditions and allow to describe CTe of various two-dimensional and 
layered inhomogeneous media at arbitrary phase concentrations and magnetic 
fields. All these results admit a direct experimental checking. 
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1. Introduction 

Last time, under investigation of magneto-resistive properties of new materi- 
als, which are connected with the high-temperature superconductivity (such as 
oxide materials with the perovskite type structure), it was established that they 
often have unusual transport properties. For example, the magnetoresistance 
becomes very large (the so called colossal magnetoresistance in such materials as 
manganites) pOj or grows approximately linearly with magnetic field up to very 
high fields (in silver chalcogenides) 2 . There is an opinion that these properties 
take place due to phase inhomogeneitics of these materials 2 . For this reason 
a calculation of the effective conductivity ije of inhomogeneous heterophase sys- 
tems without and with magnetic field at arbitrary partial conductivities and 
phase concentrations is very important problem. Unfortunately, the existing ef- 
fective medium approximations (EMA) cannot give an explicit simple formulas 
for magneto-resistivity convenient for description of the experimental results in 
a wide range of partial parameters even for two-phase random systems [Hj- Such 
formulas can be obtained for some systems only in high magnetic field Ej . 

The situation is much better for 2D inhomogeneous systems in the perpen- 
dicular magnetic field. Here, due to their exact duality properties, not only 
a few exact results have been obtained for the effective conductivity of ran- 
dom inhomogeneous systems [5-10], but also the transformations, connecting 
effective conductivities of isotropic two-phase inhomogeneous systems with and 
without magnetic field, have been constructed [51 This transformation, in 
principle, permits to obtain the explicit expressions for in a magnetic field, 
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if the corresponding expressions are known for ije without magnetic field. Ear- 
her, such exphcit approximate expressions for Oe have been obtained in some 
hmiting cases, for example, at small concentration of one phase, for weakly 
inhomogeneous media for inclusions of super- or non-conducting phases 
[6-8,11]. In this letter, using the full dual transformation recently constructed 
in ^U] and the corresponding expressions for (Tg at H = from |^, we will 
obtain the explicit approximate expressions for Oe. applicable in a wide region 
of partial conductivities and at arbitrary values of concentrations and magnetic 
field. For a comparison of these expressions we will construct the plots of their 
x-dependence at some characteristic values of partial conductivities, when dif- 
ferencies between them are most demonstrative. 

2. Dual transformation between systems with H ^ and H = 

The effective conductivity of two-phase isotropic systems in a magnetic field 
has the following form 

o- = cTifc = cr<j(5jfc + o-tejfc, CTrf(H) = (T<j(-H), crt(H) = -cri(-H), (1) 

here 8ik is the Kronecker symbol, e^^ is the unit antisymmetric tensor. The 
effective conductivity &(, of 2-phase random or regular self-dual systems with 
the partial conductivities (Tid, fit (* = 1,2) (we assume that aid > 0) and 
concentrations Xi (i = 1, 2), ^ = 1) must be a symmetric function of pairs of 
arguments (di^Xi) and a homogeneous (a degree 1) function of adi,ti- For this 
reason it is invariant under permutation of pairs of partial parameters 

cr^{&i,Xi\a2,X2) = cr^{d2,X2\cri,Xi). (2) 

The efi'ective conductivity of 2-phase systems must reduce to some partial (T^, if 
x, = l{i = 1,2). 

Futher it will be more convenient to use the complex representation for 
coordinates and vector fields ^31 

z^x + iy, j^jx+ijy, e^e^+icy, a^ad + i<Jt- 

Under the linear transformation of j and e the complex conductivity transforms 
under the corresponding linear fractional transformation |S] 

/ rj.^ ^ ca - ib 
a = Tia) = — — , (3) 

(here a, 6, c, d are real numbers), which generalizes the inversion transformations 
of systems without magnetic field. Thus, the dual transformations (DT) in sys- 
tems with magnetic field have a more richer structure due to the fact that they 
are connected with some subgroup of group of linear fractional transformations, 
conserving the imaginary axis in the complex conductivity plane [5,7,9]. The 
transformation of depends on 3 real parameters (since one of 4 parameters 
can be factored due to the fractional structure of T). There are various ways to 
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choose 3 parameters. In our treatment it will be convenient to factor d. This 
gives 3 parameters a = a/d, b = b/d, c = c/d, determining a transformation T. 

The transformation (3) has the following form in terms of conductivity com- 
ponents fJd and at 

ac + bd _ a + b/c 



'^d = '^d ,,_ ,o , , , ,n = cad 



(daa)^ + {a + dat)^ (ad)^ + {d + at)^ ' 

I _ cdal + (g + dat){cat - b) _ _ aj + {d + at){at - b/c) 

(dad^ + ia + dat)^ ~ " {adf + {d + atY ' ^' 

These DT allow to construct the transformation, connecting effective conduc- 
tivities of two-phase systems with magnetic field and without it. Analogous 
connections have been found firstly on a basis of solutions of the corresponding 
Laplace and boundary equations 11 , but it has some ambiguity problems with 
a determination of the parameters of the intermediate artificial system. Later, 
this transformation has been constructed directly from the DT under two sim- 
plifying conjectures in 9 . Recently, it was constructed in the full form, using 
all 3 parameter and explicitly reproducing the known exact values for ae^ in 
the paper The parameters of such transformation (let us call it Th, we 

will also omit the bars over its parameters) a, b' = b/c, c depend on the partial 
conductivities and have the following form 

\a2?-\a^\''±VB ^, |aip-|a2p±/S 

a± = TT, ^ > o± = TT, ^ : c = -a, 

2((Tit-cr2t) 2{ait-a2t) 

B = [(ffit - a2tf + (ffid - (T2dfWu - (y^tf + {Old + (y2d)\ (5) 

where \ai^ = aid + '^'it^ wA, evidently, i? > 0. The diagonal (or real) parts of 
ai transform under Th as 

, c(a + 6') caid , 

<yid = 'y>.d-, — ; = ' aai = a + ait. (bj 

[cTid)'' + [a + auY aai 

The parameters a,b,c satisfy also the additional relations JU] 

1/2 



A 



1 



/ ^ 2 

/ CTlt — cr2t 

\aid + a2d 



{a + b')iaaiaa2V/^ 

CTldCr2d + CTalO'a2 



(7) 



q'idcr2t -I- cr2rfgif _ ^ a'J^ — ab' _ ^ gid<72d — i^' I a)o aid a2 
0'i(i + cr2rf a'^ ^ a?- cr id<y 2d + aic^ a2 

which ensure the reproduction of the exact results for a^ at the equal phase con- 
centrations xi — X2 — 1/2. The relations (7) and (8) give us a highly nontrivial 
check of a self-consistency of the transformation. The direct check of them is a 
rather complicated task. Fortunately, as it was noted in 0| and shown in |1(J|. 
Th transforms the circumference (see fig.l.) with a radius R, centered at the 



3 



Jm cr 




-a 



Fig.l. A schematic picture of the chord, defining a geometrical sense of the factor A 
from the expression for the real part of the exact (Je ■ 



imaginary axis at izq and passing through the two points cri and (T2, where 



2 2\ait-(T2t\ 2 2(ctu-(T20 ^ ' 

into the real axis and the real axis into the circumference (9). All equalities 
necessary for fulfilment of (7), (8) correspond to the known equalities between 
lengths of various chords, their projections on a diameter and the radius of the 
circles. For example, the equality (7) takes the form 

A= =ll{l-5/2Raa). ol = UaXOa1. (10) 

where (j\ is a squared geometrical average of (Tai, (i = 1, 2) (this interpretation 
is possible, since Uai always have the same sign [3]), and (5 defines a difference 
between ct^ = 2Raa — CTq, a squared real projection of the chord, having an 
imaginary projection a a-, and a squared geometric average of a id 

In the following sections we will find the explicit expressions for the effective 
conductivity of two-phase self-dual systems, using the transformation T/j. Unfor- 
tunately, a straightforward application of this approach to the A^-phase systems 
(A^ > 3) does not work, since their partial conductivities, in general case, do 
not belong to the circumference (9). A possibility of a generalization of this 
approach on hetcrophase systems will be considered in a separate paper. 
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3. Inhomogeneous systems with compact inclusions 



Now, having aU formulas for the transformation, one can construct the ex- 
plicit expressions for Ue of inhomogeneous system in a magnetic field. Below, in 
order to simplify a view of the subsequent formulas, we will omit the subindex 
d in the partial diagonal parts Uid {i — 1,2). Firstly we consider the case of 
so called "compact inclusions" of one phase into another. The corresponding 
effective conductivity Ce has the next form [xi = x,X2 = 1 — x) jl2| 

ae({a},W)-^?^^" (12) 

Substituting into (12) the primed conductivities, one obtains the primed effec- 
tive conductivity 

aUW},M)-c(^Y ' (13) 

Then, substituting this into (4), one obtains for the diagonal part a^d of the 
effective conductivity of these systems in a magnetic field the following expres- 
sion 



One can check, using the relation (7), that (14) correctly reduces to cr^, when 
Xi = 1 and to the exact formula for Ue at xi — X2 = 1/2. For example, at 
xi — 1^X2 = Q (14) reduces to 

/r 1 IN cTi [a + b') 

aed{{(j\,Xi = 1) = ; -2 = cri, 

^"■^ 1+ ( -2J_ 



where at the last step we have used the relation (7) at ai = (72. 
For the transverse part Get one obtains 

aet({a}, {x}) = = .L, . X. ■ (15) 









(a) 







Again, using now the relation (8), one can check that (15) correctly reproduces 
boundary values at = 1 (i = 1, 2) as well as the exact value at equal concen- 
trations Xi = X2 = 1/2. 

4. Inhomogeneous systems with a "random parquet" structure 

In this section we present analogous formulas for 2D isotropic inhomogeneous 
systems with the structure of the inhomogeneities of the "random parquet" type. 
The effective conductivity of such systems without a magnetic field is 

ae({a}, {x}) ^ = (^g) 



5 



Then the diagonal and transverse parts of the primed effective conductivity a'^ 
has the form 



Its substitution into (4) gives for the diagonal part (Ted 



1/2 



{x}) = (a + fe')— ^^^^^ — V'r::;'"''/:''' (1^) 

One can check, using the relation (7) that (18) reduces to the right values at 
Xi = 1, (i = 1, 2) as well as for xi = X2 = 1/2. For the transverse part (Tet one 
obtains 
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ae*({a}, {x}) = / r::^. ■ (19) 



2 ^ I °'l "'2 

Again, using now the relation (8), one can check that (19) correctly reproduces 
boundary values as well as the exact value at equal concentrations. 

5. Effective medium approximation in a magnetic field 

In this section we find out for a completness a " magnetic" transformation for 
the traditional effective medium approximation (EMA) for the effective conduc- 
tivity. The EMA for in inhomogeneous two-phase self-dual systems without 
a magnetic field has the form jE] 



ae({a}, {x}) = (x - i)a_ + ^(x - i)^^^ + aia^), (20) 
where (t_ — {a\ —0-2). Then the primed effective conductivity will be 



a^({a}, {x}) = c f (x - i)a,_ + J[x + , (21) 

here Oa- = -p^ ~ Substituting (21) into (4), one obtains for the diagonal 
part ffed the next expression 

(a + b') ((x - i)a,_ + J(x-i)2a2_ + ^^) 

1 + ((^ - i)^- + ^(x-i)2a2_ + ^^) 
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(c) 

Fig. 2. The plots of the a;-dependence of the normalized diagonal a^djoid part for 
three explicit expressions obtained above (on each figure from the left to the right, 
respectively, 3,1,2) at crit/uid — 0.3, aitla^d = —0.7 and at the three different ratios 
of o-2d/aid: (a) 0.1, (b) 0.01, (c) 10"^ . 



One can check, using the relation (7), that (22) correctly reduces to crj, when 
Xi = 1 and to the exact formula for cje at Xi = X2 = 1/2. For example, at 
Xi = l,a;2 = (22) reduces to 

T {a + b')aiaai 

0-ed{{0-i,Xi = 1) = 2,2 = '^1- 

Analogously, substituting (21) into (4), one obtains for the transverse part of 
the effective conductivity 



b' -a({x- i)a„_ + J(a;-i)V2_ + ^^) 

aet({a}, W) = A ; (23) 

1 + ((a: - + ^ix-^yal_ + f^^) 

Again, using now the relation (8), one can check that (23) correctly reproduces 
boundary values as well as the exact value at equal concentrations. 

6. Comparison of different expressions 
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CTet/CTid CTet/aid 
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Fig. 3. The x-dependence plots of the normalized transverse part aet/o"id for three 
explicit expressions (on each figure from the left to the right, respectively, 3,1,2) at 
= 0.3, (T2t/crid = —0.7 and at the three different ratios of (T2d/(Tid: (a) 0.1, (b) 
0.01, (c) 10"^ 



Thus, we have found the desired formulas. One can see that the correspond- 
ing (Je satisfy all necessary properties, enumerated above. It follows from the 
property of the transformation Tu that ae belongs to the circumference (9) for 
all phase concentrations a; g [0, 1] [HI- Then the effective conductivity maps the 
concentration segment [0, 1] into the corresponding arc of this circumference, 
connecting the points cti and 02 ■ The different expressions for Ce correspond to 
the different mappings. As an example, we present on the fig. 2. and fig. 3. the 
x-dependence plots of the normalized diagonal aed/cid and transverse Oet/cFid 
parts for three explicit expressions obtained in the sections 3,4,5 (let us denote 
these expressions in the order of their obtaining 1,2,3), when fjn have the dif- 
ferent signs. In this case the difference in the behaviour of aed with H = [T^ 
and H 7^ is the most demonstrative. In particular, aed increases more rapidly 
with an increase of x and shows a saturation behaviour at x near 1. Note that 
all plots intersect themselves at the concentration x = 1/2, where they take the 
corresponding exact values. More detailed analysis of the obtained formulas and 
of the magnetic field dependencies of the effective conductivity and resistivity 
will be done in subsequent papers. 
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7. Conclusion 



Using the exact duality transformation, connecting Ue of two-phase self- 
dual systems with and without magnetic field, we have found three explicit 
approximate expressions for the effective conductivity, describing the conducting 
properties of different inhomogeneous 2D (or layered) isotropic two-phase self- 
dual systems in a magnetic field. The three plots of the dependence of Ged 
and (Tet on the phase concentration at different values of the inhomogeneity 
and at opposite signs of the partial transverse conductivities are constructed. 
The obtained results can be applied for a description of Ue of various two-phase 
systems (regular and nonregular as well as random), satisfying the symmetry 
and self-duality conditions, in a wide range of partial conductivities and at 
arbitrary concentrations and magnetic fields. All these results admit a direct 
experimental checking. 
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